AIAA JOURNAL

Vol. 42, No. 12, December 2004

Structural Design Optimization of Shallow Frame Structures

Undergoing Large Deflections
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Concordia University, Montreal, Quebec H3G IMS8, Canada
and
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An optimization algorithm for structural design against instability is developed for shallow beam structures
undergoing large deflections. The algorithm is based on the maximization of the limit load under specified volume
constraint. The analysis for obtaining the limit load involves coupling of axial and bending deformations and is
based on the nonlinear finite element analysis using the displacement control technique. The optimization is carried
out using both the sequential-quadratic-programming (SQP) and optimality-criterion (OC) techniques, and the
results are compared. For the SQP technique, the sensitivity derivatives of the critical load factor are calculated
using the adjoint method based on the information obtained from the nonlinear buckling analysis. A shallow
plane arch illustrates the structural design optimization methodology, and the results are compared with those in
the literature. It is shown that a design based on the generalized eigenvalue problem (linear buckling) gives an
optimum limit load less than the initial limit load, whereas the optimization using the nonlinear buckling analysis
obtains a larger value for the optimum limit load compared to the initial limit load. It has also been demonstrated
that the optimum results obtained using OC technique are in good agreement with those obtained through SQP
technique. However, the computational time for the OC is significantly lower than that of SQP, which requires

search techniques and sensitivity of the limit load for its successful completion and termination.

L

ENERALLY, in design optimization problems for system

buckling the design variables are selected so as to maximize
the system-buckling load while keeping the volume constant. In the
dual problem, the design variables are selected so as to minimize the
volume of the structure while guarding against the buckling load.
In this paper, this duality is addressed and investigated.

In several reported investigations' =7 the system stability require-
ment has been posed as a linear buckling analysis. Such an analysis
is restricted to small rotations and equilibrium in the initial state.
Linear buckling reduces to the solution of a generalized eigenvalue
problem for the buckling loads (bifurcation point). This definition
of system stability for some flexible structures might not be con-
servative enough because the nonlinear behavior of the structure
will result in large changes in the geometry of the structure and
can play a dominant role in the control of such structures. For this
reason, a nonlinear buckling analysis should be undertaken to find
the more conservative buckling loads (limit point). Furthermore, in
optimization of structures undergoing large deflections, finding the
exact limit load is critical in order to define the objective function
in the direct problem and the constraint in its dual problem.

In the past works, finite element analysis based on a load control
technique®~!2 has been used to trace the nonlinear load-deflection
curve in order to determine the limit load. However, the load control
techniques fail as the load approaches the buckling load or requires
extremely small increments to carry out the analysis. Several other
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procedures have been used by researchers'>~!> to overcome this
difficulty. Zienkiewicz'? has suggested a form of the displacement
control method. Haisler et al.'* have used it by partitioning the
stiffness matrix. Helpful simplifications to the displacement control
method have also been made in the paper by Batoz and Dhatt,'3
where one of the displacement components is incremented at each
time step and an iterative process is followed.

Khot,® Kamat and coworkers®~!! and Choi and Park'?> demon-
strated the importance of geometrical nonlinearity in optimal de-
sign of nonlinear structural systems against instability. Sedaghati
and coworkers'®~13 incorporated the displacement control technique
proposed by Batoz and Dhatt'3 as an analyzer in the optimum de-
sign of truss and beam structures undergoing large deflections sub-
ject to the system stability constraint. More recently, Valido and
Cardoso'®? have performed extensive investigation on the design
sensitivity and optimal design of geometrically nonlinear composite
structures.

In this study, the nonlinear buckling analysis based on the dis-
placement control method is extended to capture the limit load for
shallow frame structures (ratio of apex height to the span is less than
0.1). Two optimization methods [optimality criterion and sequential
quadratic programming (SQP)] are used. The optimality algorithm
presented in this study uses recurrence relation based on the uni-
form strain energy density distribution in the structure.'""!® In the
SQP technique the sensitivity derivatives of the critical load parame-
ter are obtained with respect to the design variables (cross-sectional
areas of the elements of the discretized model of the structure).

The calculation of the derivatives of the limit load with respect
to the cross-sectional areas using finite difference might not be ap-
propriate because of the truncation and condition errors.?! Kamat''
has obtained the sensitivity derivatives of the critical load param-
eter using implicit differentiation of equilibrium equations and the
Hessian of the total potential energy, making it computationally ex-
pensive. Mroz and Haftka?® have also addressed the sensitivity of
critical load using the eigenmodes in the critical state.

In this work, the sensitivity derivatives of the limit load parameter
with respect to the design variables are obtained using the adjoint
method?' based on the information obtained from the nonlinear
buckling analysis.
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In the following sections, a short description of the nonlinear
analysis used in the algorithm is presented. This is followed by a
description of the recurrence relation used in the optimality criterion,
SQP algorithms, and the derivation of the sensitivity derivatives of
the limit load parameter with respect to the cross-sectional areas. To
demonstrate the application of the proposed methodology, a shallow
arch is optimized using both the nonlinear and the linear buckling
analyses.

II. Nonlinear Analysis

In the presence of large deflections, geometrical nonlinearity be-
comes important. In such cases, although the strains are small and
the material behaves linearly, the response of the structure becomes
nonlinear as a result of finite rotations and displacements. It is there-
fore necessary to write the joint equilibrium in terms of the final
geometry of the structure. In the case of large displacements, the
strain-displacement relationships include nonlinear terms. Consid-
ering these terms and using the principle of virtual work, the system
stiffness matrix can be obtained and written as

K=K; + K¢ (D

where K is the system tangent stiffness matrix, K is the system lin-
ear elastic stiffness matrix, and K is the system geometric stiftness
matrix. The matrix K is associated with the changes in the geome-
try of the structure. These matrices are obtained by the assemblage
of the element linear elastic and geometric stiffness matrices in the
global coordinates.

To derive the incremental finite element equations, it is assumed
that the equilibrium configuration at a load level is known and the
configuration at a slightly higher load level is to be determined.
Using the fully Newton—Raphson iterative method, these equations
can be written®* as

t+AtK(1<— I)AU(k) _ AP(k— n _ t+Ata(k)P ;- t+AtP/(k— 1)
- - e
l+AlU(k) — z+AtU(k -1 + AU(k) (2)
with the initial conditions

t+AtU(0) — tU’ I+AIK(0) — IK, 1+A1P/(0) — tP/ (3)
where k is the iteration number, ' T “/K is the tangent stiffness matrix
at time step ¢ + At, ¥ AP'® =D jg the vector of the nodal resultant
member forces at time step t + At, P, is a given reference load,
1+ Ay is a load factor parameter to denote the external load at time
step ¢+ At, AP is the out-of-balance force, AU is the vector of
increments in nodal displacements and ' U is the vector of nodal
displacement at time step ¢t + At. The out-of-balance load vector
AP corresponds to a load vector that is not yet balanced by ele-
ment forces, and hence an increment in the nodal displacements
is required. This updating of the nodal displacements in the itera-
tion is continued until the out-of-balance loads and incremental dis-
placements are small. To guarantee that both out-of-balance loads
and incremental displacements are small, the energy convergence
criteria,?® which is a multiplication of out-of-balance force and in-
cremental displacement, has been used in this analysis. An energy
convergence tolerance of £; = 10° has been used in this work. In-
crement in load or displacement is conventionally represented as an
evolution in time 7. The problem is of course static, and # simply
denotes incremental steps in the solution.

To solve Eq. (2), the displacement control technique from Batoz
and Dhatt'> has been employed. According to this technique, instead
of varying the load parameter as we do in the load control method,
a nodal displacement component (for example the gth component
of 'U) is incremented by AU, at each time step. Also, during each
time step this component is constrained to be fixed. In other words,

1+A1Uq — th + AUq )

AUq(k) =0 3)

The constraint Eq. (5) can be directly incorporated into the orig-
inal system of equations given by Eq. (2). However, this results in a
modified stiffness matrix, which is not symmetric and banded any
more. To overcome this problem, Eq. (2) is rewritten as

t+AtI((k71)[AUI(k) |AU”W] — AP®-D

— t+Ata(k)Prer_ _ r+AtP/(k— 1) (6)

where AU'™ and AU™ can be obtained relative to Py and

t+ap'& =D in each iteration using the following equations':

1+ Argeik = ”AU’W =Py, T+ Ak —1) AU”W — _t+ A=)
@)
Now, AU® can be expressed as
AU =1 +8 0 Ay 4 AU ®)
Writing Eq. (8) for the gth component of ‘U, we obtain
AUP =" +2® Ay 4 aul" ©)
Substituting Eq. (5) into Eq. (9) gives
®
t+Ata(k) — _%jl(k) (10)

Having obtained the load parameter from Eq. (10), other nodal
displacement components can be updated using Eq. (8). The iterative
process described by Eqs. (7-10) is continued until convergence
criteria is met (i.e., the new equilibrium position is found). Then, the
gth component of ‘U is incremented, and the new time step is started.
During each time step, the total displacement vector is decomposed
into a rigid body and a strain-producing component. Removing the
rigid-body component before performing the element calculation,
the remaining deformational displacement is small enough to justify
the use of conventional beam element. Using this procedure known
as corotational or convected coordinate approach,”*?* an arbitrary
large rotation can be obtained.

The displacement control method is useful to trace the postbuck-
ling path. However, it does not yield the limit load factor. To ob-
tain the optimum design of a structure for limit load, one needs to
obtain the exact value of the limit load. Taking very small increments
in the controlling displacement component, the limit load param-
eter can be approximated by the largest load parameter obtained.
However, the solution obtained is sensitive to the displacement in-
crement employed, and the cost of the solution is prohibitive. In
this work, the limit load parameter is obtained by incrementing the
controlling displacement component until a decrease in the load
parameter is observed and performing a quadratic fit through the
points a, b, ¢ that trap the maximum point as shown in Fig. 1. By
comparing the largest load, point b, and the maximum load obtained
from the quadratic fit, the controlling displacement component has
been modified until the increment between these two loads is within
a desired tolerance. The foregoing procedure has been successfully
implemented and the limit load parameter ¢, (the load parameter
at the limit point) has been obtained with minimum computational
effort.

In this paper it has been assumed that the structure is shallow and
symmetric so that it exhibits limit load type of instability caused by
symmetric mode. (No bifurcation type of instability or asymmetric
mode occurs.) Thus, if the controlling displacement is incremented
along the symmetry axis (y axis in the illustrative example), the limit
load and its sensitivity can be obtained efficiently and accurately
using displacement control technique just explained.

The linear elastic stiffness matrix kr does not depend on the
geometry of the structure and can be found in any finite element
textbook. For a beam element as shown in Fig. 2, the element ge-
ometric stiffness matrix in local coordinates kg can be shown as?®
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Fig. 1 Load-deflection curve and the points trapping the pick load.

X

Fig. 2 Beam element with positive displacements in local axis.

kG = kp(m) = (AE/L?)

The preceding matrices are defined in local axis (x, y) and can
be transformed to the global coordinates (X, Y) using the rotation
matrix R. For the beam element, the rotation matrix is

L, 1, 0
_ |[Ror 0 Rot=|—1, I, 0 (13)
1 0 Rotl|’ o= Ty b

0 0 1

where

I, =cos0 =(X; —X;)/L, Iy =sinf = (¥Y; = Y))/L
(14)
are direction cosines and X;, ¥; and X;, Y; are nodal coordinates at
the end i and j, respectively.
Matrix k, has been obtained with a few assumptions from the ma-

trix kp. Thus, geometric stiffness matrix kp is more accurate than

B 3(ug —uy) SYM T
—6(uz —us)  L(u3+us) 6(ugy —uy)
5 10 5 SYM
—L(uz—us) L?(4us — ue) L(ug —uy) 2L% (us —uy) 3(ugy —uy)
10 30 10 15
x 6z —us)  Lus—us) Laa—us) —6(ua —us)  L(us—ue)  6(us —ur)
—3(uq —uy) 3 10 10 + L (4uz — ue) 5 10 5
6(uz —us)  L(uz+ug) —6(ug — u1) —L(ug—uy) Luz—us) L*(us—4ue) —L(ug—u1) 2L (us—uy)
5 10 5 10 10 30 10 15
L(uz—us) | L*(u3 —4ug) Lug—uy) —L*(ug —up)
L 10 30 10 30 -
(11

where the displacements along the local x and y axis and the rotation
about the local 7 axis at the end i are u,, u,, and u3 respectively, and
those at the end j are u3, uy, and ug.

The matrix kp is called displacement geometric stiffness ma-
trix and depends on nodal displacement vector #. Assuming that the
nodal transverse displacements u,, us and nodal rotational displace-
ments u3, ug are sufficiently small, and considering that the quantity
AE[(us—uy)/L]is equal to the axial force F' and A E is much larger
than F, the conventional element stress stiffness matrix k, (depend-
ing on the element forces) can be derived from the matrix kp:

[ 30
0 36 SYM
F 0 3L 4L
kg =k, = — (12)
30L | =30 0 0 30
0 -36 —-3L 0 36
0 3L —L* 0 -3L 4L2

the conventional stress stiffness matrix k, . In this study the geomet-
ric stiffness matrix k, has been used in both linear and nonlinear
buckling analysis.

III. Optimization Algorithms

The optimization problem can be defined as follows: Find the
vector of element cross-sectional areas A (design variables):
Maximize the limit load factor

oer(A)
Subject to
V=A"L-V =0,

A —A<0 (15)

where L is the vector of elemental length, V and V are the total
volume and the specified total volume of the structure, o, is the
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limit load factor and the specified limit load factor, respectively, and
A is the lower bound of the design variable vector A.

In this study, the optimization methods based on the optimality-
criterion (OC) and SQP technique have been used, and the results
are compared.

A. Optimality Criteria
For the frame type of structures the optimality criteria can be
stated as'!18

AL =a[(m + 1) /Vi]=1  for  i=12....n (16)

where IT;, IT¢, T1? are the total stain energy density, strain energy
caused by stretching, and the strain energy caused by bending, all
calculated at the limit point, respectively, and V; is the volume of
the ith element, A is the Lagrange multiplier related to the equality
constraint, and n is the number of beam elements. To obtain a design
satisfying the optimality criterion in Eq. (16), arecurrence procedure
that evolves design is used. This consists of changing the design
variables by using the recurrence relation after determining the limit
load factor and the associated deformed shape of the structure. A
simple and efficient form of the recurrence relation can be expressed
by multiplying both sides of Eq. (16) by (A;)? and taking its Bth
root as

At = A (1) (17
where A} and A} * ! are the cross-sectional area of the ith element at
the vth and (v + 1)th iteration, respectively. The step size parameter
B controls the convergence rate and can be changed by assigning
appropriate values.

To use Eq. (17), it is required to know the value of the Lagrange
multiplier A. At the optimal design, A will satisfy Eq. (16). For
nonoptimal designitis desired to obtain a value of A that most closely
satisfies this equation. In nonoptimal design, consider aresidual Res
defined as

Res; = 1 — AT, (18)

Now, X is taken as the value that minimizes the sum of the squares
of the residuals, that is, the value for which

%[ZR@S?} =0 (19)

i=1

Equation (19) results in the following closed-form solution for the
value of A:

A:Xn:fl, Xn:ﬁf (20)
i=1 i=1

Substituting Eq. (20) into Eq. (17), we finally obtain the following
recurrence relation for updating the design variables:

n n /8
A;“:A;([Zﬁi Zﬁ?}f{i) 1)
i=1 i=1 ;

According to the optimization problem stated in the Eq. (15), the
structural volume V must be equal to the specified volume V. If
this condition is satisfied at the end of each iteration, then every
design will be a feasible one. This can be achieved by linear scaling
the design variables following the nonlinear analysis phase in the
iteration cycle. The scale factor S; can be obtained by

S;=V/V (22)
Thus the scaled design variable /i,- can be written as

The side constraints in Eq. (15) were treated as passive con-
straints. If the recurrence relation reduced the area of any element to
a value smaller than the minimum specified, then the cross-sectional
area of that element was set to the minimum size.

B. Sequential Quadratic Programming

The SQP method used in this study is based on the work by
Powell.?” The method allows you to closely mimic Newton’s method
for constraint optimization just as is done for unconstraint opti-
mization. SQP is indirectly based on the solution of Karush—Kuhn-
Tucker (KKT) conditions.

The MATLAB® SQP implementation®® has been used to obtain
the optimal results. In SQP method, it is required to obtain the gradi-
ent of the Lagrangian function. This gradient involves the gradient of
the objective function and the constraints with respect to the design
variables.

The gradient of the behavior and side constraints is relatively
straightforward because they are explicitly dependent on the design
variables. However, the gradient of the objective function in Eq. (15)
requires the gradient of the limit load factor, which will be explained
in the following section.

IV. Sensitivity of the Critical Load Factor

The approach is based on the explicit differentiation of the equi-
librium equation at the limit load. Let us assume that the limit load
factor has been obtained at the current design after completing the
nonlinear buckling analysis using the displacement control method.
Recalling Eq. (2), the equations of equilibrium of the structure at
the limit load (critical sate) can be given by>

achref —-P =0 (24)

The reference to time step ¢ and iteration k are dropped here, as-
suming that final converged solution of the nonlinear finite element
equations has been reached and the limit load factor «,, has been
obtained. Differentiating Eq. (24) with respect to a typical design
variable A; gives the following equation:

dacr dPref dar’
_ -0

Sep ta 25
dA, e T e T T g (25)

Here, the reference load P,.; does not depend on the deformation
and the design variables (dead load). Therefore its differentiation
with respect to the design variables is zero. Using the chain rule,

aP dU
AU dA;

)
dA; — A,

(26)
is obtained. Substituting Eq. (26) into Eq. (25) and rearranging the
terms yields

P AU _ doe, P
AU dA,  dA, ™ 3a,

€4))

Considering that the rate of change of the nodal internal forces
with respect to the nodal displacements is equal to the tangential
stiffness matrix K, Eq. (27) can be written as

AU da, aP
= _TTap T 28
dA;, — dA, ™ aa, (28)

Equation (28) contains more unknowns than equations; therefore,
it cannot be solved directly to obtain the sensitivity of the load
factor da,./dA;. To overcome this problem, the displacement control
technique strategy explained in Sec. II has been extended to solve
Eq. (28).

Similar to Eq. (6), Eq. (28) can be cast to the following equation:

au!
K
dA;

= Zap 29
dA, dA; ™ aA, 29

dU”] _ dog P
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where similar to Eq. (7), dU’ /dA; and dU'! /dA; can be obtained
relative to P and dP'/dA; in each iteration using the following
equations:

dau’ dau’ P
K— =P, K =— 30
dA; ! dA; A, G0
Now, dU/dA; can be expressed as
dU  do,dU" dUY
— = + 31)
dA;  dA; dA; dA;
Writing Eq. (31) for the gth component of U, we obtain
dUu da, dU!  dUM
g Cda7e 4 T4 (32)
dA;  dA; dA; dA;
Considering Eq. (5), it is obvious that
Wy _ g (33)
dA;

Substituting Eq. (33) into Eq. (32), the sensitivity of the critical load
factor can be obtained as
dacr dU ql ! dU ql

=-——/fJ 1 4
dA; dA; dA; 34

To obtain dU,/dA; and dU," /dA; efficiently with less computa-
tional effort, the adjoint method is used. First, an adjoint vector 7 is
defined such that

Kn=2 (35)

where the vector Z is the dummy load with its gth component equal
to unity so that

I 11
du, — 77 dv’ du, — 77 du’!
dA; da;’ dA; dA;

(36)

Now, substituting dU’ /dA; and dU'! /d A; from Eq. (30) and Z from
Eq. (35) into Eq. (36), we finally obtain

1 I /

du! )l op

—L = TP, = 37
aa, e dA; T 94, 7

For calculating the adjoint vector 1 from Eq. (35), there is no
need to obtain the tangent stiffness matrix K because it is available
from the converged solution of the nonlinear buckling analysis (limit
point). Equation (37) involves only calculation of P’ /9 A;, which
can be readily obtained.

Using the preceding procedure, the sensitivity of the limitload can
be easily obtained with no extra computational burden in contrast
to the other methods in the literature,'!2!22 which needs implicit
differentiation of equilibrium equations and the Hessian of the total
potential energy or the calculation of the eigenmodes in the critical
state.

V. Illustrative Example

A simply supported sinusoidal arch is investigated in this study.
The arch and its finite element model are shown in Fig. 3.

The arch is modeled using 10 plane beam elements, which have
equal projections in the X axis. The arch’s span is 254 cm (100 in.).
The Young’s modulus is assumed to be E =6.895 x 10'! N/m?
(10® psi). The moment of inertia I of the beam elements is such
that / =aA”, where A is the cross-sectional area; b =1, 2, 3; and
a is a specified constant. For b =1 and b = 3, the rectangular cross
section with unit constant depth-variable width and variable depth-
unit constant width have been considered, respectively. For b =2,
the solid circular cross section is selected.

The analysis of the arch for its limit load calculation involves
nonlinear buckling analysis. The nonlinear buckling analysis based
on the displacement control method explained in Sec. II has been
implemented successfully to capture limit load as accurately as de-
sired. The downward vertical displacement at node 6 is taken as the
controlling displacement. The displacement is applied at a rate of
0.254 cm (0.1 in.) in each time step. Two arches with different apex
height H have been investigated. For apex height of H =12.7 cm
(5 in., low-rise arch), the limit load is maximized under specified
volume of 655.48 cm® (40 in.?), whereas for H =25.4 cm (10 in.,
intermediate-rise arch) the specified volume of 573.55 cm® (35 in.%)
is considered. The feasible initial design with cross-sectional area
0f 2.565 cm? for arch with H = 12.7 cm and 2.205 cm? for arch with
H =25.4 cm has been selected. The main objective is to investigate
how much increase in the limit load can be gained by redistributing
the cross-sectional area. The final results using the OC based on the
recurrence relation in Eq. (21) are given in Table 1. It is emphasized
that although no linking design variables strategy was adopted the
final cross-sectional areas have been found to be exactly symmet-
ric. Both fully geometrical nonlinear buckling analysis and linear
buckling analysis (stability eigenanalyses) have been performed.
The results reveal that when using the nonlinear buckling analysis
an increase in limit load is achieved. This increase is greatest for the

100
Y

—_— X

L anEX
Y=H sinS-=- lp

100 in

*

Finite element model (elements are circled)

Fig. 3 Sinusoidal arch and its finite element model.

Table 1 Final design for area of cross sections (cm?): shallow arch (OC)?

Element

Parameter Analysis 1 2 3 4 5 (Per)opt/ (Per)initial
b=1 Linear 14316 1.7568 1.7568 2.1245 5.7813 0.8961
H=12.7cm Nonlinear 1.8942 2.0432 2.0419 2.4168 4.4516 1.136
b=1 Linear 1.1297 1.4561 1.4561 1.7606 5.3206 0.9607
H=254cm Nonlinear 1.6581 1.7903 1.7877 2.0258 3.8206 1.136
b=2 Linear 1.3677 1.4774 1.4774 3.0393 5.4916 0.6617
H=12.7cm Nonlinear 2.0013 2.0019 1.8658 2.9026 4.0716 1.235
b=2 Linear 1.0845 1.1458 1.1458 2.7632 4.9948 0.6587
H=254cm Nonlinear 1.7323 1.7335 1.5910 2.5039 3.5168 1.236
b=3 Linear 1.4890 1.4890 1.5064 3.3271 5.0400 0.5269
H=12.7cm Nonlinear 2.1264 2.1271 1.9226 2.9329 3.7297 1.315
b=3 Linear 1.2168 1.2168 1.3290 2.9206 4.4361 0.5596
H=254cm Nonlinear 1.8406 1.8413 1.6464 2.5245 3.2129 1.314

4The areas of the elements on the other half of the arch can be found by symmetry.
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Table 2 Final relative strain energy density: shallow arch
(OC, nonlinear buckling)

Element
Parameter 1 2 3 4 5

b=1
H=12.7cm 0.9726 0.9621 0.9621 1.0000 0.9878
H=254cm 0.9435 0.9237 0.9236 1.0000 0.9782
b=2
H=127cm 1.0000 1.0000 0.9976 1.0000 0.9973
H=254cm 0.9999 0.9999 1.0000 0.9999 0.9999
b=3
H=127cm 1.0000 1.0000 1.0000 1.0000 1.0000
H=254cm 1.0000 1.0000 1.0000 1.0000 1.0000

Table 3 Final design using 20 elements: arch with b=1
(OC, nonlinear buckling)

Cross-sectional area Relative strain energy

Element H=127cm H=254cm H=127cm H =254cm
1 0.21244 0.1775 0.9978 0.9942
2 0.3291 0.2881 0.9979 0.9940
3 0.3809 0.3358 0.9975 0.9941
4 0.3810 0.3359 0.9975 0.9941
5 0.3567 0.3110 0.9967 0.9943
6 0.2548 0.2135 0.9950 0.9947
7 0.2252 0.1816 1.0000 0.9973
8 0.4300 0.3664 0.9978 0.9976
9 0.6204 0.5364 0.9966 0.9987
10 0.7922 0.6888 0.9956 1.0000
(Per)opt/ 1.219 1.230 —_ —_—

(Pcr)inilial

arch with » = 3. Using an arch with b=3 (H =12.7 or 25.4 cm),
the limit load for the optimal design was increased approximately
1.314 times compared to that of the initial design.

As expected, erroneous results are obtained using the linear buck-
ling analysis. When using the linear buckling analysis, the limit load
in the final design was decreased. The final relative strain energy
for nonlinear buckling analysis is given in the Table 2. The relative
strain energy is nearly uniform in all cases. For the b =3, in both
H =12.7 and 25.4 cm, the exact uniform strain energy has been ob-
tained, indicating that the optimal solution has been obtained. For
the case b=1, in both H =12.7 and 25.4 cm the uniform strain
energy has not been obtained exactly.

To improve the uniformity of the strain energy, the number of the
elements was doubled to 20 elements. As a consequence, the non-
linear buckling analysis using 20 elements was obviously found to
be computationally much more expensive than that of 10 elements.
The results are shown in the Table 3.

Fairly uniform strain energy was obtained for the arch modeled
with 20 elements. For the arch withb =1 and H = 12.7 cm modeled
with 10 and 20 elements, the ratio of the final limit load to the initial
limit load was increased from 1.136 to 1.219, respectively. Similarly
for the arch with b =1 and H =25.4 cm modeled with 10 and 20
elements, the ratio of the final limit load to the initial limit load
was increased from 1.136 to 1.230, respectively. Thus, when the
uniformity of the strain energy is not satisfactory, increasing the
number of the elements may help to increase the uniformity and
obtaining more accurate optimal solution. The iteration history for
the arch with b =1 and H = 12.7 cm and 25.4 cm modeled with 10
and 20 elements and using nonlinear buckling analysis is shown in
the Fig. 4.

In all cases, the volume of the arch in the optimum design was
found to be 655.48 cm® for H=12.7 cm and 573.55 cm® for
H =25.4 cm. For instance, for H =12.7 cm and b =1 the final
volume was 655.484117 cm?®, or for H=25.4 cm and b =3 the
final volume was found to be 573.547286 cm?. This confirms that
the required volume constraint was totally satisfied.

The initial and final optimum configuration of the arch for b =1
with both H =12.7 and 25.4 cm is shown in the Fig. 5. It is clear
that the symmetry of the arch is held in the final optimum design,
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Fig. 4 Iteration history for the arch with » =1 modeled with 10 and
20 elements.
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Fig. 5 Unreformed and optimal deformed configuration: shallow arch
with b=1.

indicating that the design is driven by the axisymmetric mode. The
eigenanalysis of the optimum design (using nonlinear buckling anal-
ysis) confirms that the fundamental buckling mode is symmetric.

Finally, the optimization results obtained by the OC were com-
pared to those obtained using the SQP technique. This method was
found to be computationally much more expensive than the OC.
Moreover, the possibility that the design can be cast into a region
where no limit load can be determined is relatively high. The results
are shown in the Table 4.

Although it was expected to obtain more accurate optimum solu-
tion using the mathematical programming technique, this turns out
to be not the case for the arch with » = 1. The limit load ratio of
1.136 was obtained using OC, and it was found to be 1.018 using
SQP. The lower limit load ratio in the SQP can be attributed to the
premature termination during the optimization process. The SQP
method complained that no limit load can be found in some itera-
tions for arch with b = 1. Considering that the shallow arch might
exhibit no distinct limit load for some area distributions, this can
be interpreted that during the iteration process the design variables
were updated in such a way that no limit load exists in the following
iteration. For these kinds of situations, the optimization process will
fail or terminate prematurely. However, for » = 2 and 3, the good
agreement exists between the OC and SQP methods. The problem
was tried with a different initial guess, and in all cases the optimum
solution was found to be the same. The iteration history for OC
and SQP for the arch with H = 12.7 and 25.4 cm using nonlinear
buckling analysis are shown in the Figs. 6 and 7, respectively.
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Table 4 Final designs for area of cross sections (cm?): (SQP, nonlinear buckling)

Element
Parameter 1 2 3 4 5 (Pcr)npt./(Pcr)initial
H=12.7cm (5in.)
b=1 2.3948 2.4600 2.5652 2.6703 2.7374 1.018
b=2 2.0394 2.8090 2.3097 1.9594 3.7142 1.222
b=3 19916 24761 16529 29135  3.8026 1.379
H=254cm(10in.)
b=1 2.0561 2.2568 2.1181 2.2948 2.3052 1.018
b= 1.5581 2.1000 1.2045 2.5439 3.6716 1.303
b=3 17368 2.1413 14194 25026  3.2652 1.376
40.05 T T T T Because the algorithm based on the maximum potential energy
in the optimum design is naturally the same as the algorithm based
35.601 5 I b=1,0C i on the uniform strain energy in the optimum design, the lower limit
3115k el E;; Z%P | load ratio obtained in Ref. 11 can be explained by not catching
) -4 b2, SQP accurately the limit load during the course of the optimization or
2 2670k -8 b=3,0C i not using an appropriate Lagrange multiplier formula in the relative
< —0- b3, SQP algorithm.
= g0
= L 4
g 22 VI. Conclusions
-‘é 17.80 1 An optimization algorithm has been developed to maximize the
3 limit load of frame structures under volume constraint. The al-
13.35¢ W 1 gorithm combines the nonlinear buckling analysis using the dis-
8901 | placement control technique as analyzer, with optimality-criterion
technique based on the uniform strain energy, and mathematical-
J programming technique based on the sequential-programming tech-
nique, as optimizers.

223 v 1 1 1 L
0

5 10 15 20 25
Iteration for Algorithm I (multiply by 6 for SQP)

Fig. 6 Iteration history for the arch with H=12.7 cm using OC and
SQP.

It has been demonstrated that design based on the generalized
eigenvalue problem (linear buckling) can exhibit erroneous results.
No increase in the limit load was observed in design based on the
linear stability analysis. It is concluded that in all cases, during the
optimization process, a limit point type of instability exists. How-
ever, for arches or frames with high-apex-height-to-span ratio, the

40.05 T T T T T T T T type of instability can change from the initial limit point to a bifur-

N cation type at convergence or it can exhibit exclusively a bifurca-

35.601 -%- b=1,0C 1 tion type of instability. For these types of problems, the generalized

- b=1, SQP . o

31150 2 b2, OC | eigenvalue problem can be justified. It has also been shown that the

) -4 b=2, SQP optimum results obtained using optimality-criterion (OC) technique

2 2670} -8~ b=3,0C J based on the uniform strain energy density are in good agreement
: - b=3, SQP : . . : .

) with those obtained through mathematical-programming technique

T 225¢ 4 based on the sequential-quadratic-programming (SQP) technique.

3 In some cases, the optimum limit load using OC is greater than that

= 17.8r 1 of SQP. When using a simple recurrence relation for updating the

E design variables in OC, the computational time for the OC is sig-

1 1 1 1 !

1 L
0 5 10 15 20 25 30 35 40 45

Iteration for Algorithm I( multiply by 6 for SQP)

Fig. 7 Iteration history for the arch with H =25.4 cm using OC and
SQP.

This problem has also been addressed by Kamat.!! The approach
was based on the nonlinear analysis using the force control method.
Both VMCON code, which is based on the gradient search tech-
niques, and optimality criterion based on the maximum potential
energy in optimum design were used as optimizers. The problem
was addressed for just H =25.4 cm, and it is mentioned that for
H =12.7 cm the optimization failed because no limit load was de-
termined. For 25.4 cm, the limit load ratio for the arch with b =1
(1.033 and 1.047 using VMCON and the algorithm based on the
maximization of the potential energy, respectively) was lower than
that found in the present investigation (1.136). For »=2 and 3,
the limit load ratios of 1.064 and 1.092 were obtained respectively,
through maximization of the potential energy,!! which is consider-
ably lower than that of the current research.

nificantly lower than that of SQP, which requires search techniques
and sensitivity of the limit load for its successful completion and
termination.

Finally, it is concluded that catching the limit load as accurately as
possible is crucial in structural optimization of the frame structures
against instability. Failing to catch the limit load accurately can
accumulate the errors at each iteration of the optimization procedure
and can cause the design variables to be cast in a region where no
limit load is available for the structure, thus causing the premature
termination of the optimization procedure.
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